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2. Marginals of Random States <

4. Semiclassical Limit

3. The Branching Problem




One-Body Quantum Marginal Problem
0aBC = |$Wapc)(Papc| pure state

Lo

Which collections p 4, pg, pc of reduced density matrices
(“quantum marginals”) are compatible?




One-Body Quantum Marginal Problem
0aBC = |$Wapc)(Papc| pure state

Lo

Which collections p 4, pg, pc of reduced density matrices
(“quantum marginals”) are compatible?

Only depends on local eigenvalues A4, A, A¢!
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Examples

e Bipartite Systems: C? @ C*

04,05 compatible <= A, = Ap

e Three Qubits: C? R C?w C?

1

)\A,max i )\B,max < )\C,max +1

A

)\A,max il AC,max < AB,max +1

AB,max =+ AC,max < )\A,max +1
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General Features of Solution
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c) compatible}

e Convex polytope ' Kirwan

e Explicit linear inequalities: Klyachko

Za AAZJ”V_:b )\B]<ZC \Ack

algebraic geometry

whenever 7t], ® [T], N ¥ ]C 7 Schubert calculus

e Representation theory Christandl-Mitchison, ...

Sa,By Kronecker coefficients



How about the Diagonals?

0ABC = |PaBc){Yapc| pure state

L e
=) ey w09

There are no constraints!

pasc) = (L vai i) @ (/b i) @ (e k)
i j

No hope of solving the QMP in this way!?
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2. Marginals of
Random Quantum States



The “Random Marginal Problem”. ..

04ABC = |Wapc)(Yapc| Haar-random pure state

. l .

What is the joint distribution of the marginals?



The “Random Marginal Problem”. ..

04ABC = |WaBc)(¥apc| Haar-random pure state

. l .

What is the joint distribution of the marginals?

l l l

Aa=(Aar,...) Ap=(Ag1,...)  Ac=(Acy,...)

What is the joint distribution of the marginal eigenvalues?

Equivalent, since measure U(d) ® U(d) ® U(d)-invariant!
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The “Random Marginal Problem”. ..

04ABC = |WaBc)(¥apc| Haar-random pure state

. l .

What is the joint distribution of the marginals?

l l l

Aa=(Aar,...) Ap=(Ag1,...)  Ac=(Acy,...)

What is the joint distribution of the marginal eigenvalues?

This is a probability measure on the marginal polytope. = .
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Strategy

04ABC = |WaBc)(¥apc| Haar-random pure state

. l TN

a1 k b1 * C1 *
pA: ( ... ) pB: ( ... ) pC: ( ... )
* a4 * bd * Cq

1. Compute joint distribution of marginal diagonals.

2. Recover joint distribution of marginal eigenvalues.

?



Example: Invariant Measures on the Bloch Ball

Haar-random
pure state

o
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Example: Invariant Measures on the Bloch Ball

(Tlel™)
A
Haar-random 1
pure state
P
T+ 0.5
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Example: Invariant Measures on the Bloch Ball

(TlolT)
A
Haar-random 1 Amax(p)
pure state
P
+ 0.5
0 Amin(p)

P11y = Xpoa)
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Example: Invariant Measures on the Bloch Ball
(Tlol 1)

Haar-random
pure state

o

~IP3jol1) = 01 %

10

¢

-1 Amax(0)

- 0.5

0 ® Amin(0)



Example: Invariant Measures on the Bloch Ball

Haar-random
pure state

o

_a]P<T|P\T> ‘ (0.5,00)

10

= 01

(TlelT)
A
—1 Amax(p)
+ 0.5
0 Amin(p)




Example: Invariant Measures on the Bloch Ball

(T]o]1)
A
Haar-random T 1
state of r— Amax(p)
fixed spectrum y
| , + 0.5
Amin(0)
+ 0

_ 1
—olP WPW }(0.5,00) ~ Amax—Amin 5)\max
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Example: Invariant Measures on the Bloch Ball

1
arbitary A
mvariant
measure
(TlolT) L 0.5
0

i
| @Amax = 1) (=) Pitipi1) ] (0500) = Phoas | primeinler

principle”
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Toy Example: Bosonic Qubits

number basis

N
SymN (CZ) _ EB C\n} occupation
n=>0
0 = |¥) (| random pure state from symmetric subspace

e All one-body marginals equal:

plz...:pN

e Quantum marginal problem is trivial:

’0>®N_|_|1>®N ‘O>®N
6{5—:{9 Amax(pl)

Non-trivial part is to determine the probability distribution!
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Marginals, Diagonals, and Moments

N .
SymN (Cz ) _ EB C‘ n> occupation
n=>0

number basis

0= |¥) (Y]
Y
01 quantum marginal > <ﬂp1 1) diagonal

|

)\max (Pl )
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Marginals, Diagonals, and Moments

N .
SymN (Cz ) _ @ C‘ n> occupation
n=0

number basis

o0 = ) (Y| > p, = (n|p|n) diagonal
Y Y
01 quantum marginal > <ﬂp1 1) diagonal
l — % ZnNzo Pnh

)\max (Pl )
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Marginals, Diagonals, and Moments

N .
SymN (Cz ) _ @ C‘ n> occupation
n=0

number basis

o= |¥) (Y| > p, = (n|p|n) diagonal
Y Y
01 quantum marginal > <ﬂp1 1) diagonal
— % ZnNzo Pnh

(T|p1]T) = first moment of one-body observable

QT+ . +T@ 1) (T

12




Marginals, Diagonals, and Moments

number basis

N .
SymN (Cz) _ @ C‘ n> occupation
n=0

o= |¥) (Y| > p, = (n|p|n) diagonal
Y Y
01 quantum marginal > <ﬂp1 1) diagonal
— % ZnNzo Pnh

01 = first moments of all one-body observables
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Computing the Diagonal Distribution

N
Sym™(C?) = P Cln)
n=0

0 = |P)(¢| random pure state

'

(pn) = ((n]p|n)) Lebesgue-random in standard simplex

(

N
AN: < (PO/---/PN)3 an :Lpn ZO>
n=0

\

\

/

Sampling from An:
e Xi,..., XN~ |0,1] uniform, independent, Xy := 1, Xn1:=0
[ Xﬂ(l > .. > XH(N) sorted
® Pr = Xyk) — Xy(k+1) has correct distribution
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Computing the Marginal Diagonal Distribution

Sampling from Ay:
e Xi,...,Xn~ [0,1] uniform, independent, Xy := 1, Xy11 :=0
® X7‘L’(1) > .. > XT((N) sorted
® Pi = Xy(k) — Xn(k+1) has correct distribution

1 N

<T\P1\T> — N Z Pnn

n=0

1
:N(Xl+...+XN)

Sum of N i.i.d. random variables!
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Recovering the Marginal Eigenvalue Distribution

[(2"ma>< = 1) (=) Pitioy )| (05,00) = H’Amax}

Example (N = 2):
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Recovering the Marginal Eigenvalue Distribution

[(2"ma>< = 1) (=) Pitioy )| (05,00) = H’Amax}

Example (N = 2):
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Recovering the Marginal Eigenvalue Distribution

[(2"ma>< = 1) (=) Pitioy )| (05,00) = H’Amax}

Example (N = 2):
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The General Algorithm

1. Compute joint distribution of marginal diagonals:

a1 * bl * Cq *
‘OA: ( ... ) pB: ( ... > pC: ( ... )
% a4 * bd X Cq

pushforward of Lebesgue measure on standard simplex along
linear map — piecewise polynomial density [Boysal—VergneL

-

~

(2. Recover joint distribution of marginal eigenvalues:

]Peig = poly - <H _azx> IPdiag
P

t*
\- DC>O >(; J
normalization o positive Weyl
positive roots
factor chamber

16
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More Examples

2,1,0)

J

(7

e C? ® C? with global spectrum AAp
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3. The Branching Problem



The Branching Problem

H C G compact, connected Lie groups

VG,a, Vi, irreducible representations

Vorly = @ my Vi
H

}

How to compute branching multiplicities efficiently?

19



The Branching Problem

H C G compact, connected Lie groups

VG,a, Vi, irreducible representations

A
Vealy = @ my, VH,y
U

}

How to compute branching multiplicities efficiently?

[Result: Poly-time algorithm for any fixed H C G.

Given highest weights A, 4 encoded as bitstrings, the algorithm

computes the multiplicity mﬁ in polynomial time.
19



[T117
Why care? d{_

Poly-time algorithm

for fixed d
Kostka numbers
Cochet (2005), Littlewood—-Richardson
De Loera & coefficients

McAllister (2006) U(d) C U(d) X U(d)

Kronecker coefficients
U(d) x U(d) C U(d?)

20



Why care?
Poly-time algorithm
for fixed d
Kostka numbers
Cochet (2005), Littlewood—Richardson
De Loera & coefficients
McAllister (2006) U(d) CU(d) x U(d)

Christandl, Doran
& W. (2012)

Kronecker coefficients
U(d) x U(d) C U(d?)

unified by the result

20

4




Why care?
Poly-time algorithm
for fixed d
Kostka numbers
Cochet (2005), Littlewood—Richardson
De Loera & coefficients
McAllister (2006) U(d) CU(d) x U(d)

Christandl, Doran
& W. (2012)

Kronecker coefficients
U(d) x U(d) C U(d?)

unified by the result

20

a { T

#P-hardness for
variable d

Narayanan (2006)

T

Narayanan (2006)

T

Biirgisser &
Ikenmeyer (2008)



[T117
Why care? d{_

Poly-time algorithm #P-hardness for
for fixed d variable d
k
Cochet (2005) KO;Z d)a gui?(l;l;rs Narayanan (2006)
Cochet (2005), Littlewood—-Richardson T
De Loera & coefficients Narayanan (2006)
McAllister (2006) U(d) CU(d) x U(d) T

Christandl, Doran | Kronecker coefficients | Biirgisser &
& W. (2012) U(d) % U(d) C U(dz) Ikenmeyer (2008)

Conjecture (Geometric Complexity Theory):
Positivity can be decided in poly-time.
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Branching Problem for Tori

G = U(1)
. all compact, connected
Abelian Lie groups

All irreducible representations are one-dimensional and of

the form
z1
k
( >°’1>:le'“2’§”!1>
Zy

Labeled by their weight w = (kq,...,k;) € Z".

21



Branching Problem for Tori

G=Uu()
H=U(1)°

(Thus) any homomorphism H — G is of the form

k11 ksa
. [ \
Zs \ kl,r ks,r/

Zl ...ZS

for an integer matrix Q) = (k; ;) € Z°*.

{ VG w | g = VHOw J linear map!

22



Strategy

23

G N VG,A

A

original
branching
problem



maximal torus T¢

maximal torus Ty

Strategy

character

> G

A

character

23

N VG,)\

original
branching
problem



branching
problem for
tori

Is

A

I'y

Strategy

character

> G

A

character

23

N VG,A

original
branching
problem



Strategy

Billey et al (2004)

[multiplicity of weight = # points
Bliem (2008)

Kostant (1959)
in convex polytope A(w, A) J

TG » G N VG, A
A A

original

[ linear map j branching
problem
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Strategy

Billey et al (2004)

Barvinok’s [multiplicity of weight = # points
Bliem (2008)

Kostant (1959)
in convex polytope A(w, A) 1

algorithm!

TG » G N VG,A
A A

original
[ linear map j branching
problem
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Strategy

Kostant (1959)
J Billey et al (2004)

Bliem (2008)

Barvinok’s multiplicity of weight = # points
in convex polytope A(w, A)

algorithm!

TG » G N VG,A
A A

original
branching
problem

[ linear map j

TH » H

[ invert Weyl character formula j IIiIveecyklngz i2(51)982)

finite differences!
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Strategy

Barvinok’s algorithm

TG » G N VG, A
A A
original
branching
problem
Ty » H
finite differences

23



Example: Quantizing the Bloch Sphere

weight distribution

The irreducible representations of SU(2) are |

° ]
V; = Sym/(C?) -
labeled by their spinj = 0,1, ... e ]2
Maximal torus {(?;)} = U(1), irreducible e +—j+2
representations are labeled by weight k € Z. 1
eigenvalues of 0, = ( L ), occupation numbers o 1
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Example: Quantizing the Bloch Sphere

weight distribution

The irreducible representations of SU(2) are |

° 1]

Vj = Sym/ (C?) -
labeled by their spinj = 0,1, ... ° TJ72
Maximal torus {(?;)} = U(1), irreducible e +—j+2
representations are labeled by weight k € Z. 1

eigenvalues of 0, = ( L ), occupation numbers o 1

Hweight = 0—j + ... +0;
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Example: Quantizing the Bloch Sphere

weight distribution

The irreducible representations of SU(2) are |

°* TJ
V; = Sym/ (C?) +
labeled by their spinj = 0,1, ... e ]2
Maximal torus {(?;)} = U(1), irreducible e +—j+2
representations are labeled by weight k € Z. 1
eigenvalues of 0, = (! _;), occupation numbers e L e

— Allyeight = 0j — 0
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Example: Quantizing the Bloch Sphere

weight distribution

The irreducible representations of SU(2) are |

e ]

Vj = Sym/ (C?) -
labeled by their spinj = 0,1, ... ° TJ72
Maximal torus {(?;)} = U(1), irreducible e +—j+2
representations are labeled by weight k € Z. 1

eigenvalues of 0, = ( L ), occupation numbers o 1

o Aluweightholoo) — 5]'

24



Example: Quantizing the Bloch Sphere

weight distribution
A

The irreducible representations of SU(2) are e 1
V; = Sym/ (C?) 1
labeled by their spin j =0, 1, ... ° T2
Maximal torus {(* )} = U(1), irreducible ° T jt2
representations are labeled by weight k € Z. 1
eigenvalues of 0, = (! _;), occupation numbers . 1

o , _ , “finite difference
{ A,uwelght‘[oloo) — ,”spm 1 formula”

24



The General Algorithm

_ A
Verly = EB my, Vi
H

1. Compute weight multiplicities for Ty ~ V5 5

# points in convex polytope A(w,A) — Barvinok’s algorithm

- J

[Kostant, Bliem]

\

(2. Recover branching coetficients:

Hbranching = (H — Ay

) Hweights

25

t*
x>0 io
\. 4 e J
i positive Weyl
positive roots chamber
— poly-time algorithm  [Weyl, Heckman]



4. The Semiclassical Limit



The Semiclassical Limit

Branching Problem Random Marginal Problem

K=U(d) x U(d) x U(d) H=C'®C'C"
CG=U)=UH)

Ve = Vg, = Sym*(H) 0aBc = |Papc){Papc| random

27



The Semiclassical Limit

Branching Problem

K=U(d)x U(d) x U(d)

CG=U(d)=UH)

Ve = Vo, jq = Sym*(H)

(

-

TG-weight multiplicities: )

occupation numbers,
integral points in kA 3_4

Random Marginal Problem

H=C'®C!®C”

04BC = |YaBc){Papc| random

J

scaling)[ diagonal distribution: J

limit Lebesgue measure on A ;34
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J
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[ T-weight multiplicities j

scaling)[ diagonal distribution: J

limit Lebesgue measure on A ;34
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The Semiclassical Limit

Branching Problem

K=U(d) x U(d) x U(d)

CG=U(d®) =U(H)

Ve = Vo, jq = Sym*(H)

(

-

TG-weight multiplicities: )

occupation numbers,
integral points in kA 3_4

Random Marginal Problem

H=C'®C!®C”

04BC = |YaBc){Papc| random

J

linear ¢ map

T-weight multiplicities

finite ¢ differences

branching coefficients
(“Kronecker coefficients”)

limit

scaling> diagonal distribution:
Lebesgue measure on A ;34

linear ¢ map

> marginal diagonal
distribution

partial ¢differences

> marginal eigenvalue
distribution

27



Thanks for Your Attention!

Quantum Marginals <+ Classical Marginals

Branching Multiplicities <+ Weight Multiplicities

Asymptotics of random marginals? Onset of asymptotics?
Positivity of branching multiplicities?

arXiv:1204.0741 and FOCS 2012
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